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1. Introduction

Physical data interpolation is a common issue in Geosciences. For many variable of interest, the measurements are
often sparse and irregularly distributed in time and space. Analyzing the data usually requires a numerical model,
which samples the data on aregular grid. Mapping irregular measurements on aregular grid is done by interpolation,
which aimsto generalize, but not to create, information. A popular method to map geophysical dataiskriging [1]. This
method, based on the hypothesis that the measurements are realizations of a random variable, has been proven to be
optimal under certain conditions. It requiresto solve a system of linear equations at each point where theinterpolation
must be done, which might be computationally heavy. This paper proposes an original interpolation method based on
K ohonen networks. The method is applied on the problem of building a surface-temperature climatology in the Med-
iterranean Sea. The method performs very well, combining an accuracy comparable with usual kriging methods with
a shorter computing time, and is especially efficient when a great amount of datais available.

The paper is organized as follows. Section 2 recalls the backgrounds of kriging techniques. Section 3 describes the
adaptation of self-organizing maps to the spatia interpolation problem. The results of actual data interpolation in an
oceanographic problem are presented and discussed. The last section draws conclusions and perspectives.

2. Interpolation

A model of aphysical variable aims at predicting its value anywhere at any time. The simplest model is a numerical
one, that is a discrete representation of the variable. To be efficient, this representation must be done under two con-
straints: on the one hand no information must be missed, on the other hand a reasonable amount of storage capacity is
required. It must also be done on aregular grid, in order to be usable by most analyzes tools (plotting a map of the
variable, computing Fourier Transform, ...).

2.1. Definition of interpolation

Considering n values (obtained by measurements) of avariable Z; at locations x;, 1 <i < n, interpolation aims at build-
ing a numerical model of the variable on a regular pre-defined grid. A straightforward way to interpolate data on a
specific location (a point of the grid) isto make alinear combination of the data:

n
Zx = Y MZ (@)
i=1
where Z* is the estimated value. The problem is to compute the weights A; in order to minimize the estimation error.
Practically, thisis not feasible, because the true values are not known. It is thus necessary to make assumptions on the
behavior of the variable to define the optimality.

The simplest methods give higher weights to the nearest data. The weights are somehow inversely proportional to the
distance. Thiscorrespondsto an implicit assumption of continuity of the variable, which seemsreasonablefor physical
variables. Anyway, it is possible to do better, taking into account the spatial correlation of the data. In this case, the
weights are the solutions of a system of linear equations, that can be obtained by writing the minimization of the esti-
mation error. Thisiskriging.

2.2. Kriging
Kriging is based on a statistical interpretation of the measures. Indeed, it assumes that the data are realizations of a
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random variable, that is: Z; = Z(x;) . Some hypothesis are required on the behavior of this random variable, usually
that the expectation of an increase is null, and its variance only depends on the distance (intrinsic random variable):
E[Z(x+h)-Z(x)] =0 2
Var[Z(x+h)—-2Z(x)] = C(h)
Therefore, on each point X where the interpolation isto be done, it is possible to write analytically the expectation and
variance of the estimation error Z*(x,) — Z(X,) . The nullification of the expectation (ensuring that the estimation is
not biased) leads to a constraint on the weights A;:
n

Ya =1 3

i=1
The minimization of the variance (that is the optimality of the estimation) under the constraint of Eq. 3 leadsto asys
tem of linear equations, with coefficients depending on amodel of the variance of the increment of the data[4]:
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where Cij = Var[Z(x)—-Z(xp] = E[(Z(X) —Z(X}))"]

Once the weights are found, it is also possible to compute the (residual) variance of the estimation error on each point
where an estimation is performed:

1 n
Var[Z*(Xy) —Z(Xg)] = EZKiCiO (5)
i=1

This approach is also called objective analysis.
When a great amount of datais available, kriging at each point cannot be performed using al data, because it would
lead to huge systems that may not be handled. Instead, it is necessary to choose a few data around the point where to
interpolate. Furthermore, these data have to be chosen to avoid singularity of the system, which is usually done with
the help of many parametersin kriging products. Anyway, it remains that a system of linear equations must be solved
on each point of the final grid, which is computationally heavy.

The main advantage of kriging is that it relies on strong theoretical backgrounds, which demonstrate that the interpo-

lation is unbiased and optimal. The main drawbacks are:

» The hypothesis done on the random variable are strong. It is possible to relax them (allowing a determinist drift on
the data for example), but the kriging system is then more complex. In any case, amodel of variance of the incre-
ment of the variable must be computed, which can be very long when alot of datais available.

* Itisdifficult to ensure that a system built with some data, even carefully chosen, will be regular. Therefore, espe-
cialy with big data set, it is possible to have completely wrong estimates, that can usually be detected. Anyway, it
remains the possibility to have wrong estimates that are not far enough from the expected value to be detected.

» To make a numerical model on a grid, it is necessary to interpolate, that is to solve the system of eguations, on
each point of the grid. This again might be very long, depending on the desired model.

Kriging has been used during the european project MEDATLAS to make an atlas of the temperature climatology field
over the Mediterranean sea[2]. The aim was to produce a series of maps of the temperature climatology state of the
sea, for each month and at some 29 standard depths (that is 348 maps). The number of data available was related to
the depth considered, from about 260,000 in surface to less than 1,000 at the bottom. The domain to model was the
whole Mediterranean basin on agrid of about 25 km step, which makes more than 15,000 grid points. To achieve this
goal in a reasonable computation time, the kriging approach was based on an adapted meshing of the data set, that
allowed to select the points where it was worth computing. For the chosen points, auniversal kriging method was used,
based on aregional model of variance. Theresultswere then re-gridded on aregular grid using awei ght-distance linear
combination of the 4 closest estimated values. An example of temperature map is given in figure 1.
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Figure 1. MEDATLAS map of May at 10 mimmersion.

3. Neural interpolation

K ohonen networks need not be presented here, the reader can refer to [3] for details. Some work has already been done
and is presented elsewhere [7][8] on the use of Kohonen networks for adaptive meshing. It was shown that a simple
modification of the basic Kohonen self-organizing algorithm (to constrain the peripheral neurons of the network to
stay on the border of the domain) allowsto produce valid meshing, with some advantages over classical methods. The
use of Kohonen networks for neural interpolation aso relies on aslight modification of the basic self-organizing algo-
rithm.

3.1. General agorithm

At each time step t, the input x(t) of the network is athree dimensional vector, the first two dimensions giving the lo-
cation of the measure, and the third one its value. We will note this decomposition: x(t) = (X °°(t), x"® (1)) . Of
course, each neuron k also has athree dimensions weight vector w(t), thefirst two being homogeneous to a geograph-
ical location, and the third one to the studied variable. The only modification of the basic self-organizing algorithm
required is that the selection of the cluster c(t), that is the search for the closest neuron to the input, be performed on
the first two dimensions only:

loc loc loc loc

o(t) = c({w (D} X*(0) = k/ W) =X < W) -xt)] I ©)
This means that the cluster is chosen in the geographical space, according to the datalocation only, and is completely
independent from the measures value. The ideais to trust the locations rather than the values, allowing thus very dif-
ferent values measured on close points to be combined. Once the cluster is found, the weight modification applies on
all three weights of the cluster and its neighbors:
W (t+1) = wy(t) —a(t)h(k, c(t)) (W (t) —X(t)) (M
where o(t) is atime-decreasing gain factor and h(k, c(t)) aneighboring function.

Inthisapproach, theinterpolation points cannot be chosen beforehand. Instead, they are determined during the learning
process, and correspond to the final locations of the neurons. Therefore, at the end of the algorithm, we still do not
have the values on aregular grid, and a post-processing is required. The question is thus: what is the advantage of the
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final irregular distribution of the neurons over theinitial irregular distribution of the data ? If the number of neurons
is lower than the number of measures, complexity is reduced without loss of information. The neurons set is the best
representation in space of the data set. If the associated values are optimal, it isthen possible to re-grid the values with
asimpleinterpolation method, as was made for MEDATLAS.

Like for neural meshing, numerous constraints can be applied to the neurons without changing the properties of the

algorithm. Among the possibilities, we have successfully tried:

» Initializing the network as a regular grid in the whole space and at the mean value of the measures considerably
reduces the computation time.

» Constraining the peripheral neurons of the network to slide on the border of the domain ensures an interpolationin
the whole domain, even where data are very sparse.

» Constraining the neurons to move on an underlying regular grid can simplify the final reinterpolation.

» Constraining the neurons not to move at al allows to directly produce the result on aregular grid. Nevertheless,
this constraint istoo strong when data are irregularly distributed, because some neurons are then never updated.

3.2. Theoretical results

At any time step t, it can easily be shown that the weight vector of a neuron k is a combination of the input vectors
presented until then and of itsinitial value:

t t t
W) = Y i )[ IT - ak(m]x(i) + (1‘[ (1- ak<i>)]wk(0) ®
i=1 j=i+1 i=1
where a (i) = a(i)h(k, c(i)). Theinitial value w;* (0) can alwaysbe set to Owithout loss of generality. Theweights
of the combination do not depend on the third dimension (value) of the input and neuron weight vectors, but rather on
the gain factor and on the locations of the input and neuron. Therefore, the third weight of the neuron isat any time a

true linear combination of the data presented until then:

t t
Wl = Y X with Ay = akm( I1 <1—ak<j>>j ©)
i=1 j=i+l
Isthislinear combination optimal ?

Under the same hypothesis as for ordinary kriging, it can be theoretically shown that the estimation is not biased, that
is: the expectation of the estimation error is null. Indeed, if the gain factor o(t) follows a decreasing law of the type
1/t* with o< B <1,whichistheusual convergence condition of Kohonen networks[5][6], then it can be shown that:

t

3 hgi) =1 (10)

i=1
which issimilar to Eq. 3 or the last line of the system of Eq. 4. To show the optimality, that is the minimization of the
variance of the estimation error, is much more difficult. Indeed, the neural interpolation algorithm never uses an ex-
plicit knowledge of the variance of the increment of the random variable. Therefore, an assumption is needed on how
this variance is taken into account by the algorithm. We suppose first that the variance depends only on the distance
between data points in the representation space of the map instead of the input space. Furthermore, we suppose that
the neighboring function is a good representation of this variance:

Cij = Co(1—h(c(i), c(}))) (11)

Thisassumptionisintuitively truefor very big data sets. Indeed, in this case, measurements are made where variations
are expected rather than where the variable is known to be stable. Thus, the distribution is dense where variations are
important, while it is sparse where the variable is stable. Under the hypothesis of a unitary neighborhood, the estima-
tion can then be shown to be optimal, that is we can show that:

t
> Ma(DCij = Cjo Vi (12
i=1
which is similar to the first n lines of the system of Eq. 4.

If amodel of variance of theincrementsis available, the variance of the estimation error (Eg. 5) can beiteratively com-
puted during the learning process. An updating rule similar to the one of Eq. 7:
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C(t+1) = C(t) —aut)h(k, c(t))(Cy(t) —Cyp) (13
would lead to the following result:

t
C (1) = 2 Me()Cig (14)
i=1
which is simply twice the variance defined in EqQ. 5.

3.3. Practical results and comparison

The neural interpolation method has been used on synthetic and real data sets. The results are available in [9]. The
synthetic data sets aimed at controlling the optimality of the results, and were therefore not too big. Some criteriawere
defined to assess the mean bias and optimality of theinterpolationsfor al the neurons of anetwork. It could be shown
that the biasis nearly null if there are enough modifications of the weights, that is if the number of iterations and the
gain are sufficiently high. Optimality is ensured with a very low relative error (less than 3%), and requires the same
conditions as nullity of the bias. The residual relative error must be compared with the error between the experimental
variance and its model, which is generally about 8%.

A real data set was taken from the MEDATLAS project, and aimed at showing the computing time gain. The data set
contained about 25,000 measures. The interpolation was required on a204x72 points grid. The result was checked us-
ing cross validation. The regular estimation and error grids were first reinterpolate to the data points using a classica
bilinear interpolation. Then, the error between the value used to build the map and the value given by the map at each
data point was computed. The mean error on all data points was found to be -0.02, which is close enough to 0 to say
that the estimation is unbiased. Finally, the error on each point was compared with the predicted error. The mean value
was found to be 0.82, which is close enough to 1 to say that the error map is coherent with the estimation. However,
there can be cases where the estimation is very bad, although not biased, and coherent with the error computed. There-
fore, it was necessary to make a graphical comparison between the maps. The map built by neural interpolation com-
pared well with the MEDATLAS one (figure 2). The neural interpolation method required less than 1 minute of
computing time, while the method used in MEDATLAS required more than four hours.

Figure 2: Map of the Med data set produced by neural interpolation.
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4. Conclusion

An original method for optimal interpolation is presented in this paper. The method relies on some basic modification
of the standard Kohonen algorithm. The method has been applied on several synthetic and actual data sets. In every
cases, the results compare perfectly well with those obtained by kriging. However, the method is much faster than kri-
ging when the data set islarge, which is practically the case for actual problems. Future work will deal with taking into
account an error on each data point, what kriging can do. Other studieswill deal with the use of the Kohonen algorithm
for data fusion and assimilation.
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